In this paper, we show that a higher derivative theory, such as New Massive Gravity, allows the existence of new entangling surfaces with non-zero extrinsic curvature. We perform the analysis for Lifshitz and Warped AdS spacetimes, revealing the role of the higher derivative contributions in the calculation of the holographic entanglement entropy. Finally, as an outcome of our holographic analysis we briefly comment on the dual boundary theory.
Introduction
Entanglement entropy (EE) is conceived as a very general tool to measure the quantum correlation between two systems. It encodes the amount of information loss when one of the two systems becomes inaccessible. This non-local measure plays a crucial role as an order parameter to probe the quantum phase transition in many physical contexts [1] . To elaborate the idea of entanglement entropy, let us consider a bipartite system described by a well-defined Hilbert Space H tot such that this can be factorized into two disjoint Hilbert spaces of the subsystems A and B as,
(1.1)
For the observer who has the access of only the region A, the system is effectively represented by the reduced density matrix ρ A , 2) where the partial trace is performed only over H B . Here, ρ tot is the density matrix characterizing the full system . The entanglement entropy of the subsystem A is defined after the von Neumann entropy of the reduced density matrix ρ A ,
Despite the simplicity of this formula and its successful application to simple quantum mechanical systems, it is extremely difficult to generalize the prescription (1.3) to the perturbative quantum field theories in arbitrary dimensions. However, for two dimensional CFT, the symmetry structure of the theory encourages us to apply the replica trick [1] to overcome the technical problems one might encounter. Here, we can compute the Rényi entropy (S n = 1 n−1 log Tr ρ n A ) of n copies of the system and then take the limit n → 1 to obtain the EE. However, for higher dimensional conformal field theories, the replica method can be applicable only for certain topologies of the entangling region. It is also important to note that, although the presence of infinitely many degrees of freedom in field theory makes this quantity divergent, it can be regularized by introducing a UV cut-off [1, 2] .
The analysis of entanglement entropy in strongly coupled quantum systems requires techniques beyond the perturbative regime. However, these obstacles can be overcome by considering a holographic realization of Entanglement Entropy (HEE) originally proposed by Ryu and Takayanagi (RT) in their seminal work [3, 4] . According to their proposal, the entanglement entropy S A of a region A in a d dimensional boundary theory corresponds holographically to a geometrical quantity, i.e. the area of a codimension-2 spacelike minimal surface γ A in the d + 1 dimensional dual gravity theory. The minimal surface is anchored to the boundary in such a way that it satisfies the homology constraint ∂γ A = ∂A. The exact statement of their proposal is astonishingly simple and reads as
where G (d+1) N is the d + 1 dimensional Newton constant. The generalization of this formula for asymptotically AdS static spacetimes has been achieved [5] . Furthermore, the covariant version of the RT proposal for time dependent background has been formulated in [6] .
Simplicity is not the only wonderful feature of this proposal and not even the most interesting one. Indeed, one can interpret the equation (1.4) as an indication that the quantum properties of matter are deeply related to a geometrical object on the other side of the correspondence. Such indication yields a fascinating perspective in the context of emergent spacetimes [7, 8] .
Recently, a holographic proof of the RT proposal has been expounded by Lewkowycz and Maldacena (LM) in [9] . The essence of the proof is established by implementing the ncopy replica trick in the dual bulk geometry. The metric of this replicated bulk geometry acquires a Z n singularity on the hypersurface. The powerfulness of this method reveals that, by imposing the limit n → 1, the hypersurface converges to the usual minimal surface in the RT proposal.
It is then a very appropriate question to ask whether the LM formalism remains valid beyond the Einstein-Hilbert theory. The effective description of the UV limit of the EinsteinHilbert theory comprises higher derivative terms and turns out to be one of the most natural arenas for this investigation. The LM formalism instigates the generalized formulations of holographic entanglement entropy for various higher derivative theories [10] [11] [12] . These generalizations allow contributions coming from the Wald's entropy [13] as well as from the extrinsic curvature evaluated on the entangling surface. In particular, for our present analysis we follow the prescription of [10] for the holographic computation.
Among many successful formulations of higher derivative theories in various dimensions, three dimensional New Massive Gravity (NMG) [14] draws substantial attention due to its wide class of background solutions. In addition to that, since such a theory lives in only three dimensions, the co-dimension 2 surface is just a line and thus the technical obstacles to carry out the actual holographic computations are drastically reduced. However, due to the presence of higher derivative terms, NMG provides a structure complex enough to observe non trivial changes in the behaviour of EE, since we will show the existence of new minimal surfaces.
In the context of NMG, it has been pointed out in [15] that to specify the appropriate entangling surface by extremizing the entropy functional, a supplementary condition is essential for physical consistency in addition to usual homology constraint. However, to find out a unique entangling surface anchored to the boundary by extremizing the higher derivative functional given in [10] remains unresolved to the authors due to the occurrence of insufficient number of boundary conditions. For AdS 3 background in NMG, it turns out that the respective geodesic satisfies the higher derivative equation of motion. However, for a specific range of NMG parameter, in [16] it is shown that a new entangling surface, giving a lower entanglement entropy, exists. Moreover, in [17] the authors have shown that, for a particular class of asymptotically AdS spacetimes in four dimensional higher derivative theory, a perturbative modification of AdS geodesic provides the correct entangling surface satisfying the necessary physical boundary conditions. Further analysis in this context can be found in [18] [19] [20] .
Motivated along this line of research, we compute holographic entanglement entropy for
Lifshitz and Warped AdS backgrounds in New Massive Gravity. Similar to [17] , we adopt the perturbative approach for our analysis. We observe that a suitable perturbative ansatz for the entangling surface significantly reduces the technical complexities of extremizing the higher derivative entropy functional. In particular, we study the non-trivial modification of the AdS 3 geodesic by introducing a suitable perturbation resulting from the higher derivative contribution in the NMG theory. The modified entangling surface satisfies the equation of motion derived from the entropy functional order by order with a certain set of appropriate boundary conditions. We also give an interpretation of our holographic analysis consistent with the corresponding boundary theory.
The paper is organized as follows. In section 2, we briefly introduce the necessary ingredients to determine the geometry of the entangling surface and thus compute the entanglement entropy. In section 3, we reproduce the analysis presented in [16] in order to review the procedure in the simple example provided by the Anti de-Sitter spacetime. We then apply the same technique to the Lifshitz spacetime in section 4. In this background, we will prove the existence of a new entangling surface by deforming the geodesic. Consequently, we establish that the existent analysis in this regard [20] requires further attentions.
As a final example, in section 5 we investigate the deformation of the entangling surface for the Warped AdS 3 spacetime. Previous works on this particular case can be found in [21] [22] [23] , but our analysis will focus specifically on the higher derivative contribution. Finally, we summarize and discuss our results in section 6.
NMG and Holographic Entanglement Entropy
New Massive Gravity [14] is a parity-preserving theory describing gravity in three dimensions that allows a massive graviton. Such a modification of the pure gravity theory is realized by adding a combination of higher derivative terms. In particular, the action, in the Euclidean signature, takes the following form
One of the merits of this theory is that, although it lives in three dimensions, it presents a richer dynamics compared to Einstein gravity without introducing many of the well-known pathologies that we can find in a general four dimensional higher derivative theories.
Since New Massive Gravity is a higher derivative theory with curvature squared terms, we need a reassessment of the Ryu-Takayanagi prescription. It is known that the finite part of the holographic entanglement entropy evaluated in a black hole background in the Einstein gravity corresponds to the Bekenstein-Hawking thermal entropy [5, 24] . Therefore it is natural to expect the same in gravity theories with higher derivatives, with the understanding that the thermal entropy is now realized as Wald's entropy [13] . Recently, motivated by the analysis in [9] , a general prescription for computing the holographic entanglement entropy for higher derivative theory was proposed in [10] . When applied to New Massive Gravity, the prescription [10] yields the entropy functional [18] 
where h is the induced metric on the entangling surface Σ. Such surface is taken to be co-dimension two (thus it is just a line), anchored to the boundary and propagating deep in the bulk. The projected Ricci tensor R || is given by
while (n (α) ) µ are the orthogonal vectors defined on Σ. The extrinsic curvature is given by
where ∇ is the covariant derivative with respect to the bulk metric. Consequently, the contracted form of the extrinsic curvature entering the functional can be written as
All these quantities are required to be evaluated on the appropriate entangling surface, determined by minimizing the entropy functional (2.2) itself. In three dimensional pure gravity this problem is easily solved by taking the geodesic as entangling surface since it is, by definition, the curve with minimal length. However, as we will see in the next sections, this is not necessarily the case for a more general theory of gravity. Intuitively, due to the presence of higher derivative terms, the entropy functional given in (2.2) fails to be interpreted as a length anymore [15] . On the technical point of view, minimizing such functionals leads to a higher order differential equation that opens up the possibility of finding different entangling surfaces as opposed to the one in the context of Einstein-Hilbert gravity. In the next section, we elaborate upon this issue further with a concrete example, i.e. the AdS 3 spacetime as a background in the New Massive Gravity.
In this section, we elaborate on the geometry of the entangling surface embedded in a three dimensional background describing a more general theory of gravity, in particular New Massive Gravity. Our principal aim is to achieve an entangling surface by minimizing the entropy functional prescribed in [10] and to compute the corresponding holographic entanglement entropy. The simplest example to realize the richer behaviour of the geometry of the entangling surface we are interested in is the AdS 3 spacetime. Such background is described by the metric
where L is the AdS 3 radius and it is related to the cosmological parameter
With this background metric, we systematically reproduce the results presented in [16] in order to give a clear overview of the general procedure. The entangling region in the dual field theory is a one dimensional line located at the boundary of the AdS 3 (z = 0). Correspondingly, to obtain the co-dimension 2 extremal hypersurface embedded in the constant time slice of AdS 3 geometry, we choose the following ansatz consistent with the so-called boundary parametrization
With this AdS 3 background metric and the prescribed profile ansatz for the entangling surface, the computation of the entropy functional (2.2) (we refer to [16] for the details of the calculation) leads to
where A = f ′ (z) 2 + 1. In order to minimize this functional, we consider (3.4) as a one dimensional action, therefore the corresponding equation of motion is
Since (3.4) is independent of f (z), the last term in (3.5) identically vanishes. The resultant fourth order differential equation is of highly non-linear nature. However, as mentioned in [18] , there exists a very simple analytic solution of (3.5), namely
where z 0 = f (z = 0) is a tunable parameter, expressing the length of the region of our interest. The turning point, that is how deep the surface goes into the bulk, is located at z t = z 0 . Moreover, the corresponding extrinsic curvature vanishes. It is very interesting to note that the same solution can be obtained even without the higher derivative terms, being a geodesic anchored to the boundary region of our interest. As mentioned before, the profile (3.6) is the only possible solution in Einstein gravity, because it is the trajectory that minimizes the length. However, there is no a priori reason to expect that no solution other than (3.6) exists for a higher derivative theory of gravity.
Indeed, the authors of [16] present a different entangling surface. Making the ansatz f (z) = z 2 0 − z 2 + az, and requiring that it solves the differential equation (3.5), we obtain
In this case, the turning point goes deeper into the bulk and it is located at
Moreover, unlike the case for f 1 (z), the contracted form of the extrinsic curvature evaluated on this new extremal surface
is non-vanishing.
For both solutions we have the respective universal terms
It is easy to verify that as F > 2, the coefficients c 1 and c 2 follow the inequality c 1 ≥ c 2 > 0.
Therefore, in contrast with the results previously presented in the literature, the solution that minimizes the entropy is f 2 (z). Both solutions coincide for F = 2, as can be verified from the equation (3.7). There exists another range of parameters (2 ≥ F ≥ 3 ) where only the first solution is real valued and correspondingly c 1 is a positive number. It is important to notice that c 1 can be interpreted as the central charge from the boundary theory prospective [18] . Therefore, the boundary EE is expected to be reproduced by the holographic computation performed by taking f 1 (z) as entangling surface. Moreover, in [25] the authors used the field-redefinition invariance to restrict the admissable entangling surfaces to those with vanishing trace of extrinsic curvature, thus giving an argument in favor of the first type of solution. 1 We dedicate the next sections to investigate what happens in the more complex backgrounds that NMG provides us.
HEE for Lifshitz spacetime in NMG
The next solution of New Massive Gravity that we want to consider is the Lifshitz background. The isometry of the Lifshitz spacetime can be holographically mapped to the symmetry of the dual non-Lorentz invariant boundary theories [26, 27] . It thus offers a substantial understanding of strongly coupled nonrelativistic conformal field theories characterizing a large class of condensed matter systems [28] [29] [30] . Moreover, for the purposes of our analysis, this case presents a lot of technical similarities to the AdS spacetime. Therefore, it seems that the Lifshitz spacetime is the natural choice to show the existence of new entangling surfaces in a more general context.
It is important to notice that, being an asymptotically non-AdS background, the Lifshitz spacetime needs special attentions for holographic computations. In the context of EinsteinHilbert theory coupled to matter field, the authors of [31] have constructed the bulk-toboundary dictionary for the Lifshitz spacetime by treating it as a deformation over AdS.
In particular, the authors have considered a perturbative expansion with respect to the Lifshitz exponent around unity. In this scenario, the dual boundary theory is a deformed conformal field theory consistent with the Lifshitz symmetry. In the following analysis, with the similar spirit of [31] , we perform the bulk analysis of the entanglement entropy for the Lifshitz spacetime in the context of NMG. Another example of obtaining the holographic entanglement entropy for Lifshitz spacetime in the Lovelock gravity can be found in [32] .
The metric of the Lifshitz background is given by
where L is the Lifshitz radius and ν is the Lifshitz exponent. Note that the limit ν → 1 leads to the AdS spacetime discussed in the previous section. As well explained in [33] , the exponent ν and the NMG parameters are related by
The extremal surface, parametrized by the following relations
leads to the induced metric
We note that the induced metric in the present context is structurally identical to the one we find in the AdS 3 spacetime. Although the timelike orthogonal vectors, defined on the co-dimensional two entangling surface, posses an explicit dependence of the Lifshitz exponent ν
the components of the extrinsic curvature are the same as before. As the metric is diagonal, we are only interested in the diagonal terms of the extrinsic curvature. Since we have a Killing vector in the time direction, the component of the extrinsic curvature in that direction, K 2 αα , vanishes. On the other hand, once we compute K 1 αα , it is easy to verify that K 1 tt = 0 and
So the component we need to know is 6) leading to
Since the Lifshitz and the Anti de-Sitter spacetimes differ only in the g tt component and we are working on a time slice, there is no difference in the induced metric and in the extrinsic curvature of the two cases. However the intrinsic curvature is a quantity that does not depend on the embedding, therefore it presents differences with respect to the AdS 3 case,
Collecting all these results together and plugging them back into (2.2), we obtain the entropy functional for the Lifshitz spacetime
Upon minimizing the functional (4.9) in the same way as described in section 3, it leads again to a highly non-linear differential equation
In [20] , it is stated that this equation is solved by the geodesic, i.e.
constrained to a causal boundary condition [19] . However, if we insert the ansatz (4.11) in this non-linear equation of motion (4.10), we obtain
It is clear that for a generic non-zero ν, (4.11) is not a solution of (4.10) except the case ν = 1. For ν = 1, we recover the AdS 3 spacetime as a special limit of the Lifshitz spacetime (in the appendix A we reproduce the same result using the notation of [20] ).
Since obtaining an exact solution for non-linear fourth order differential equation like (4.10)
is generically difficult, we rather aim to solve the equation using a perturbative technique.
We already know that for ν = 1 we have an exact solution (4.11) of the differential equation (4.10). We consider ν = 1 + δ, where δ is a tiny positive deformation around unity and by following [17] 2 we introduce the ansatz function
where h(z) = z 2 t − z 2 is the geodesic and z t is the turning point. We choose the solution (3.6) for the AdS spacetime because, by taking the limit from Lifshitz to AdS (i.e by setting δ = 0), we end up in a region of the parameter space where the second solution (3.7) proposed in the section 3 is not well defined (F = 2/3 in the language of section 3). The downside of our choice is that the AdS central charge and the extrinsic curvature (at 0th-order in δ) are vanishing. After imposing our ansatz, we also notice that g(z) starts to appear in the expansion of the differential equation at second order, while n(z) starts to appear at third order, and so on. Consequently, by expanding the entropy functional, the first non-trivial contribution to the entanglement entropy is coming at second order. This ansatz will simplify the differential equation whose solution is the desired entangling surface. Following [17] , we can easily determine the surface by imposing few boundary conditions. In particular, we require z 0 to be finite and real. Moreover, we require that our surface is anchored to the region of our interest. To do so, the condition we employ is
. Finally, we also require that turning point approaches to 0 when the size of the entangling region z 0 → 0.
Thanks to this approach, the differential equation becomes linear and it is solved by 14) where the contribution at the second order is given by,
However, since (4.15) is not contributing at the leading order, we will not include it in the present analysis. By integrating our result, we can obtain the form of the entangling surface,
Now we just need to determine our turning point z t as a function of z 0 , i.e. the size of the entangling region of our interest. By requiring that z 0 = zt 0 f ′ (z), we obtain
It is then clear that the turning point z t is located deeper in the bulk with respect to the one reached by the geodesic (see fig. 1 ). Notice also that, as it is expected, if we take the limit z 0 → 0, the turning point z t → 0.
Substituting these results back into the functional (4.9), we obtain the universal term of EE for the Lifshitz spacetime
Since our expansion takes place around the chiral point of New Massive Gravity, the leading contribution (indicated as 0 AdS to keep track of it) is vanishing and the equations are The entangling surface (in black) is going deeper in the bulk with respect to the geodesic (in dashed red)
extremely simplified. However, we can see how the entangling surface is necessarily deformed around the geodesic in order to extremize the entropy functional.
From the boundary field theory point of view, the difficulties in computing the central charge for the asymptotic Lifshitz symmetry and arbitrary Lifshitz exponent have been addressed in [35] . The technical reason behind this obstacle is the appearance of infinities while integrating over the non-compact x direction to obtain the conserved charge of the symmetry algebra. Therefore, it is beyond the scope of our present analysis to check our holographic results for Lifshitz spacetime from the side of boundary theory. However, from our holographic analysis, we are able to propose an approximate result of central charge as a coefficient of the leading UV logarithmic divergent term in the HEE.
Interestingly, although the entangling surface reported in [20] does not extremize the entropy functional (see appendix A), the expansion around ν = 1 of their result matches the one here derived. The reason is that in proximity of the boundary (where the main contribution to EE is coming from) the two entangling surfaces do not present relevant differences, as already commented in [36] .
Our analysis requires the existence of an exact solution at the zeroth order in δ, that is only known for ν = 1, i.e. the chiral point. In order to explore a less simplified case, we now turn our attention to the Warped AdS spacetime as a solution of New Massive Gravity.
We dedicate this section to study the effect of higher derivative contributions on holographic entanglement entropy by exploring WAdS geometry. Such spacetime has received great attention in the context of a non-AdS extension of holography that allows squashed and stretched deformations of the AdS geometry as a dual gravity spacetime. In the present discussion we are particularly interested in the timelike Warped AdS 3 background having an asymptotic symmetry as SL(2, R) × U (1). The boundary theory of such background has been proposed to be a warped conformal field theory [37, 38] describing a particular class of non-Lorentzian physical systems.
The metric of the timelike WAdS 3 can be characterized by the 3-dimensional version of the Gödel spacetime
that solves the NMG equations of motion, provided that
In the particular case ω 2 ℓ 2 = 1, we find again the AdS 3 spacetime. In order to simplify the discussion, following [39] and setting ℓ = 1, we perform the necessary change of coordinates as
With this change of coordinates, the metric takes the following form
We choose again the boundary parametrization to describe the entangling surface
The curious reader will find the details of the calculation in the appendix B. Intuitively, one can imagine that the complexity of the equations is forcing us to look again only for approximate solutions. It is important to notice that our choice of coordinates is made in order to recover the AdS results in the limit ω → 1 at any given step of the calculation.
pure AdS 3 spacetime in the global coordinate system, namely
where δ is a positive small deformation and
is the geodesic in the AdS 3 background (in global coordinates), i.e the entangling surface if we set ω = 1. Also in this case, we choose the geodesic of the AdS 3 spacetime since, by taking ω = 1, we fall down in a region of the NMG parameter space where the second solution proposed in [16] is not well-defined.
Unlike the previous example, the function g(ρ) is contributing already at the linear order in δ to the Entanglement Entropy and we are going to ignore higher order contributions.
However, in order to determine the profile of g(ρ), we need to solve the differential equation at order δ 2 . The reason is again that our ansatz, with the AdS 3 geodesic at the leading order, is simplifying a lot the differential equation, forcing us to expand up to the second order to find the equation that constraints the profile g(ρ).
By imposing the same boundary conditions of the previous two sections, we obtain 8) where the turning point ρ t is determined by solving the transcendental equation
Here ∆θ is the size of the entangling region of our interest at the UV cut-off ρ ∞ (in other words, it is the analogue of the z 0 of previous sections).
Now that we have all the ingredients, we can finally write down the universal contribution of the warping parameter to the entanglement entropy,
In [40] , by exploring the asymptotic analysis of the W AdS 3 spacetime in NMG, the authors have conjectured a dual WCFT 2 . It is interesting to notice that, by expanding their result around ω = 1, we can consistently reproduce the central charge we obtain in (5.10).
In this case, the leading term (the order δ 0 in the expansion of the central charge, corresponding to the AdS spacetime) is non-vanishing and we can appreciate the contribution coming from the warping parameter already at first order. The nature of the deformation of the entangling surface is different from the one showed in section 4. Although in both cases we are studying a small deformation around the exact solution of the AdS spacetime, in this case the leading order is not coming from the geodesic of the spacetime under examination, therefore there is no reason in compare the turning points of the two solutions.
Discussion and Conclusions
In this paper, we showed the deformation in the geometry of the entangling surface due to the presence of higher derivatives in the gravity theory. Within the perturbative approximation, we proved the existence of new entangling surfaces for the Lifshitz and the timelike WAdS 3 backgrounds in the NMG theory. In particular, the main purpose of this holographic study in the Lifshitz background is to show that, unlike AdS 3 case, the Lifshitz geodesic is not the correct entangling surface that extremizes the entropy functional. Moreover, we apply the similar holographic technique in the case of timelike WAdS 3 spacetime and we find an entangling surface that extremizes the entropy functional. Consequently, we compute the leading logarithmic term of holographic entanglement entropy and show that our result is consistent with the expectation of boundary Warped CFT 2 . In both analysis, we construct new entangling surfaces as perturbative deformations over AdS 3 geodesic.
One may be tempted to view the results here presented as an indication that the EE is increased or decreased as one turns on the higher derivatives. We hereby present an argument for not making such comparison in the context of our present holographic analysis.
• As pointed out at the end of section 3, the correct result is the one obtained by the geodesic, further explanation of why the second result, which was giving a lower entanglement entropy, should be discharged can be found in [25] .
• Regarding the Lifshitz case, it is not appropriate to interpret the result as a reduction in the EE, since the 0th order, i.e. the geodesic (both of the Lifshitz and the AdS spacetime) is not an admissible surface to compute the EE in Lifshitz spacetime (see equation 4.12).
• For the W AdS 3 spacetime, we can interpret our result as a perturbative enhancement of the holographic entanglement entropy due to warping of the AdS spacetime. However, the comparison is not very meaningful since the entangling at the zeroth order does not represent any particular surface for the WAdS 3 spacetime (being simply the AdS geodesic).
In [36] , the authors showed how the presence of higher derivative terms in the gravity theory does not change the structure of the divergences in the entanglement entropy with respect to the Einstein gravity case. However, since the backgrounds taken into examination are not solutions of the pure Einstein gravity, we find more appropriate to show explicitly the shifts in the central charges. These changes in the shape of the entangling surface, as well as in the coefficient of the leading divergence in the entanglement entropy, are present exclusively because we take into account the higher derivative terms. To this purpose, the Lifshitz case, presented in section 4, is a perfect example, since the surface determined by ignoring the higher derivative terms (i.e. the geodesic) is not extremizing the entropy functional.
As suggested in [15] , the technical reason behind the emergence of multiple entangling surfaces is that we can't impose a sufficient number of boundary conditions to solve our differential equations. In [19] , the authors proposed the so-called free-kick condition in order to solve the problem in the context of hairy black holes as solutions of NMG. However, such condition constrains the entangling surface to be the geodesic at its turning point and we can find counter examples both in [16] and in the analysis here presented.
We believe that the central question to be addressed in the near future is how can we give a physical reason that solves such a technical problem. We provide explicit (although approximate) solutions and we thereby hope that this work will pave the way for a discussion to find a rigorous method to solve such problems.
In [41] , the computation of the holographic entanglement entropy for WAdS spacetime has been investigated in the light of non-AdS holography. It would be very interesting to check if the non-AdS correction considered in [41] can be consistently implemented together with higher derivative contribution of the NMG theory. Moreover, same kind of analysis can be performed for geometries with a horizon (i.e. black holes). We reserve these problems for our future study.
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A Details of the Lifshitz case
We dedicate this appendix to review the calculation presented in [20] , using their notation to avoid confusion. The metric is given by
where
The induced metric, the Ricci scalar and R || are given by Therefore we can conclude that the geodesic cannot be taken as entangling surface in a Lifshitz background, since it doesn't minimize the entropy functional, except for the case ν = 1, which corresponds to the Anti-de Sitter spacetime.
B Details of the WAdS case
In this appendix, we present the details of our calculation of section 5. We choose the boundary parametrization of the entangling surface, i.e. t = 0 and θ = f (ρ). Thus the induced metric is given by as well as the contributions of the intrinsic curvature (remember that we set ℓ = 1)
3) 4) 
